Abstract. In this paper, we investigate the stability for the functional equation
Introduction
The stability problem of the functional equation was formulated by S. M. Ulam [16] in 1940. D. H. Hyers [4] , T. Aoki [1] and Th. M. Rassias [15] made important role to study the stability of the functional equation. During the last decades, the stability problems of functional equations have been extensively investigated by a number of mathematicians, see [2] , [3] , [6] - [13] .
By a non-Archimedean field, we mean a field K equipped with a function (valuation) | · | from K into [0, ∞) such that |r| = 0 if and only if r = 0, |rs| = |r||s|, and |r + s| ≤ max{|r|, |s|} for all r, s ∈ K. Clearly |1| = | − 1| and |n| ≤ 1 for all n ∈ N. Let X be a vector space over a scalar field K with a non-Archimedean non-trivial valuation | · |. A function · : X → R is a non-Archimedean norm (valuation) if it satisfies the following conditions:
(i) x = 0 if and only if x = 0; (ii) rx = |r| x (r ∈ K, x ∈ X); (iii) the strong triangle inequality, namely, x + y ≤ max{ x , y } for all x, y ∈ X and r ∈ K. Then (X, · ) is called a non-Archimedean normed space. Due to the fact that
a sequence {x n } is Cauchy if and only if {x n+1 − x n } converges to zero in a non-Archimedean normed space. By a complete non-Archimedean space, we mean one in which every Cauchy sequence is convergent.
Recently M. S. Moslehian and Th. M. Rassias [14] discussed the Hyers-Ulam stability of the Cauchy functional equation f (x+y) = f (x)+ f (y) and the quadratic functional equation
Now we consider the generalized polynomial functional equation of degree 2
whose solution is called a general quadratic mapping. In 2009, the second author [9] obtained a stability of the generalized polynomial functional equation of degree 2 by taking and composing an additive mapping A and a quadratic mapping Q to prove the existence of a general quadratic function F which is close to the given function f . In his processing, A is approximate to the odd part
of f and Q is close to the even part
− f (0) of it, respectively. In this paper, we get a general stability result of the generalized polynomial functional equation of degree 2 in non-Archimedean normed spaces.
Stability of the generalized polynomial functional equation of degree 2
In this section, we prove the generalized Hyers-Ulam stability of the generalized polynomial functional equation of degree 2. Throughout this section, we assume that X is a non-Archimedean normed space and Y is a complete non-Archimedean space.
For a given mapping f : X → Y , we use the abbreviation
for all x, y ∈ X.
for all x, y ∈ X\{0} and let for each x ∈ X\{0} the limit
for all x, y ∈ X\{0}. Then there exists a unique general quadratic
for all x ∈ X\{0} with T (0) = f (0). In particular, T is given by
Proof. Let J n f : X → Y be a mapping defined by
for all x ∈ X and all n ∈ N. Notice that J 0 f (x) = f (x) and
for all x ∈ X\{0} and all j ≥ 0. It follows from (2.5) and (2.1) that the sequence {J n f (x)} is Cauchy for all x ∈ X\{0}. Since Y is complete and
One can show that
for all n ∈ N and all x ∈ X\{0}. By taking n to approach infinity in (2.6) and using (2.2) one obtains (2.4) . Replacing x and y by 2 n x and 2 n y, respectively, in (2.3) we get
for all x, y ∈ X\{0} and all n ∈ N. Taking the limit as n → ∞ and using (2.1) and Lemma 2.1 we get DT (x, y) = 0 for all x, y = 0 and so T is a general quadratic mapping. Now we are going to prove the uniqueness of T . If T is another general quadratic mapping satisfying (2.4) with
for any k ∈ N and so
for all x ∈ X\{0}. Since T (0) = f (0) = T (0), we get T (x) = T (x) for all x ∈ X. This completes the proof of the uniqueness of T .
Corollary 2.3. Let 2 < r be a real number and |2| < 1. If f : X → Y satisfies the inequality
for all x, y ∈ X, then there exists a unique general quadratic mapping
Proof. Let ϕ(x, y) = θ( x r + y r ). Since |2| < 1 and r − 2 > 0,
for all x, y ∈ X. Therefore the conditions of Theorem 2.2 are fulfilled and it is easy to see thatφ(x) = 2θ|2| −3 x r . By Theorem 2.2 there is a unique general quadratic mapping T : X → Y satisfying (2.7) with T (0) = f (0).
, denoted byφ(x), exists. Suppose that f : X → Y is a mapping satisfying the inequality
for all x, y ∈ X\{0}. Then there exists a unique general quadratic mapping T : X → Y such that
for all x ∈ X and n ∈ N. Notice that J 0 f (x) = f (x) and
for all x ∈ X\{0} and all j ≥ 0. It follows from (2.12) and (2.8) that the sequence {J n f (x)} is Cauchy for all x ∈ X\{0}. Since Y is complete and J n f (0) = f (0), we conclude that {J n f (x)} is convergent for all x ∈ X. Set
for all x ∈ X. Using induction one can show that
for all n ∈ N and all x ∈ X\{0}. By taking n to approach infinity in (2.13) and using (2.9) one obtains (2.11). Replacing x and y by 2 −n x and 2 −n y, respectively, in (2.10) we get
for all x, y ∈ X\{0}. Taking the limit as n → ∞ and using (2.8) and Lemma 2.1 we get DT (x, y) = 0 for all x, y = 0 and so T is a general quadratic mapping. Now we are going to prove the uniqueness of T . If T is another general quadratic mapping satisfying (2.11) with
for any k ∈ N and so 
This completes the proof of the uniqueness of T . 
for all x, y ∈ X\{0}, then there exists a unique general quadratic map-
Proof. Let ϕ(x, y) = θ( x r + y r ). Since |2| < 1 and 1 − r > 0, we get lim
for all x, y ∈ X\{0}. Therefore the conditions of Theorem 2.4 are fulfilled and it is easy to see thatφ(x) = 2θ|2| −1−r x r . By Theorem 2.4 there is a unique general quadratic mapping T : X → Y satisfying (2.14) with T (0) = f (0).
for all x ∈ X\{0} and all k ∈ N. So the right hand side of (2.22) tends to 0 as k → ∞. Since T (0) = f (0) = T (0), we conclude that T (x) = T (x) for all x ∈ X. This completes the proof of the uniqueness of T . 
